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e Z8AC is designed for “pure” mathematics":

© check user input automatically, flexibly and reliably:
Input establishes a proof situation (for automated
proving) with respect to the logical context

@® give explanations on request by learners:
All underlying mathematics knowledge is transparent
due to the “LCF-paradigm” in Isabelle

® propose a next step if learners get stuck:
“next-step-guidance” due to Lucas-Interpretation.

e Engineers raised additional requirements for STEM
(Science, Technology, Engineering and Mathematics)

e Answers to 4 requirements planned
— and discussed here
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Figural input

Input of
e arrows at certain locations

e certain direction for arrows
e labels for arrows
e coordinate system with coordinates

to a figure like:

Automated check of input from formal specification
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Symbolic representation

. Problem [absorber, 2-mass-oscillator]

1
2
21

22
23
24
25
26
27
28

29
2a

Specification:
Solution:

Problem [determine, 2-mass-oscillator, DiffEq]

m 0\, (d 0
(0 m))”(o d

+

: Ci + Co —C2 _ (0
) ("2 )<= (7)

Problem [solution, 2-mass-oscillator, homogen, DiffEq]

x(l):G)(A1c05w1t+B1sinw1t)+ 1) (Aacos wat + By sinwpt),

Problem [particular, solution, 2-mass-oscillator, DiffEq]

0\ 0 ..
xq(t) = (31) sinQt, xo(t) = (82) sinQt, ay = (C1+C2_m92)2_c§, a

Foc

Fo(ei1+ep —mﬂz)

pProblem [complete, solution, 2-mass-oscillator, DiffEq]
x(t) = (1) (Aq coswyt + By sinwqt) + (_11) (Ao cos wot + By sinwot) + (;) sin Qt,

Foca

Fo(c1+02—m92)

a =
1 (¢4 +027mﬂ2)2—c§ ’

Problem [compute, spring]
¢ =1.2345 N

. cp=1.2345 N

ap =

—mQ2)2 —
(cq+cp —mQ=) cg

T (o +ep—m2)2—c2
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Numeric representation

. Problem [absorber, 2-mass-oscillator]

1
2
21

22

23
24

25
26

27
28

29
2a

Specification:
Solution:
Problem [determine, 2-mass-oscillator, DiffEq]

[2% + 0.4%; + 3.3x; — 0.22xp = 0, 2%, + 0.4k — 0.22x; + 3.3%, = 0.6]

Problem [solution, 2-mass-oscillator, homogen, DiffEq]
[x1(t) = 0.05e~0-(cos 0.81¢ -+ 3.85sin 0.811),
Xo(t) = 0.05e~%"(cos 0.81¢ + 3.855in 0.81¢)]

Problem [particular, solution, 2-mass-oscillator, DiffEq]
[x(t) = —0.05e—2-110.59 sin 1.69¢, x5(t) = 0.05e~0-10.59 sin 1.691]

pProblem [complete, solution, 2-mass-oscillator, DiffEq]
[x1(t) = 0.05e0-1(cos 0.81t -+ 3.85sin 0.81t — 0.59 sin 1.691),
xo(t) = 0.05e~9-1(cos 0.81t + 3.85sin 0.81t + 0.59 sin 1.691)]

Problem [compute, absorber]
cp =1.2345 N

. cp=1.2345N
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partial_function diffeq 2 _mass_oscil (m, 1 0, [c_1,c 2],
d, springs, dampers, sums) =

informal justification 1 let

Ao 11 begin_parallel
1101 springs = Take springs “forces of springs”
111 parallel
1111 dampers = Take dampers “forces of dampers”
112 parallel
1121 sums = Take sums “mass times acceleration equals sur
12 end_parallel
13 diffeq = Take sums ™
14 diffeq = Substitute [ springs, dampers |
15 diffeq = Rewrite_Set normalise
16 diffeq = Rewrite_Set vectorify “switch to vector representat
2 in

21 diffeq
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21
211
212
2121
2122
2123
2124
2125
2126
2127
2128
2129
212a
212b

212c

22

More Expressive Worksheets

pProblem [determine, 2-mass-oscillator, DiffEq]:

Specification

Solution
forces of springs
[Fer = cix1, Fop = (%2 — X1), Feg = Cixo]
forces of dampers
[Fa1 = dxi, Fgo = dXp] ) _

mass times acceleration equals sum of all forces

[mky = —F¢1 + Fep — Fg1, m¥Xa = —Fep — Fo3 — Fap + F]
Ssubstitute [Fg, Foo, Fea3s Fa1, Fazl
[m¥y = —c1x1 + ca(C2 — X1) — dXqy, m¥p = —Co(C2 — Xq) — C1xp — d¥p + F]

Rewrite_Set normalise
[m¥y + dXy + c1x1 — Ca(Xo — x1) =0, mio + dXo + Co(X2 — Xq) + C1X3 = F]
switch to vector representation
m 0 Xq d 0 Xq Cc1 +C —Co x\ _ (0
B @6 ) (e o) @) - ()
0) . d 0 i+ —C 0
o m)*T\o d)x+ 17022 c1+202 *=\F
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@® Planned Extensions for STEM Education

Conquer problems by managing sub-problems
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... General aspects in problem solving:

inf justification

manage
subproblems

Aspect 1: Review knowledge for relevance
Aspect 2: Select relevant knowledge

Aspect 3: Arrange subproblems to a sequence
Aspect 4: Connect the subproblems

Aspect 5: Accomplish unit conversions

e Aspect 6: Solve the subproblems
“Aspect” because not tackled sequentially.
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NEW

Examples

Theor

Problems

Methods

Start Example

[] Example browser
Context On->Off

& S Fractions
o (3 Algebra Einfuehrung
& Leb. Mathematik

distance between outlet and incidence on the floor
is 80 cm?

Note: First determine the exit velocity (by use of
the volume of water per second and of the cross-
section area.)

80 cm |

[ Examples [

* Qsaccore  From ahorizontally lying pipe with a diameter of
[ siology { 8cm there|are 5 liters of water flowing out per

2 i second. At what hight is this pipe, if the horizontal

L I I DM
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| exampies | Thorie | proiems | ethoss |

[5] Worksheet

Start Example

* From a horizontally lying pipe with a diameter of
8 cm therelare 5 liters of water flowing out per
second. At what hight is this pipe, if the horizontal
distance between outlet and incidence on the floor
is 80 cm?
Note: First determine the exit velocity (by use of
the volume of water per second and of the cross-
section area.)

L

R—

80 cm |
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[5] Worksheet

| exampies | Thorie | proiems | ethoss |

Model
Given : Diameter d = 8 cm, FlouRate ¢ = 51/3,
HorizontalDistance » = 80 cm
Where:d> 006> 05 >0
Find : HiahtOfPine h

Modelling Phase finished

* From a horizontally lying pipe with a diameter of
8 cm therelare 5 liters of water flowing out per
second. At what hight is this pipe, if the horizontal
distance between outlet and incidence on the floor
is 80 cm?
Note: First determine the exit velocity (by use of
the volume of water per second and of the cross-
section area.)

80 cm |
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manage S IR e . |
sopesens O s o " | comenonor [yreme ] |
. Where:d>0A6>0As>0 {3 problem hierarchy M
Conclusions Find : HiahtOfPipe b [ e_pbin =

o (3 simplification
o [ vereinfachen
o [ probe
¢ [ equation

¢ E univariate

& polynomial

& expanded
[ logarithmic

[} makeFunctionTo

[ diophantine

& CJfunction

o system

o (] Biegelinien

o (] Berechnung

- Jtest

o ool

¢ (3 signalProcessing

o 1Z_Transform

'D T 0 1T
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informal justification S workeheet =
manage s [ ] problem browser =}
subproblems Given : Diameter d = 8 cm, FlowRate ¢ = 51/s, Context On->0ff | Try Refine =)
HorizontalDistance s = 80 em
. Where:d >0/ 6>0As>0 {3 problem hierarchy M
Conclusions Find - HiahtOfPine h [ e_pbio —
dcm, @lis, scm o Cversinfachen
o (3 probe
¢ [ equation
¢ E univariate
Dy unesr
& Sroot
[ rational
o &3 polynomial
o 3 expanded
[ logarithmic

[} makeFunctionTo
[ diophantine

& CJfunction

o system

o (] Biegelinien

o (] Berechnung

- Dtest

o ool

¢ (3 signalProcessing

o 1Z_Transform

Find: h m

D K DT
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koo v | conpies | eores | proviems | Hethoss |
AT T
manage T R ___==_ | B problem browser = -
subproblems Given : Diameter d =8 cm, FlowRate ¢ =51/, Context On->Off | Try Refine =
HorizontalDistance s = 80 em
. Where:d> 0A6>0As >0 {3 problem hierarchy 1| solve (e_e, v.v)
Conclusions Find - HiahtOfPine h [ e_pbio
-3 Model:
dcm, @lis, scm =]
& probe e, |PUALLLY € €
[T equation solveFor v_v
e Where: |2 e s ratequation_inv_v
& Sroot
[ rational Find:  |solutionsv_v'i
o &3 polynomial
o [ expanded Relate:
[ logarithmic
[} makeFunctionTo
[ diophantine
o [ function
o [ system
o 9 Biegelinien
o [ Berechnung
o Ctest
& tool
¢ [ signalProcessing
o [32Z_Transform
Find: hm
Kl - D [ ToTT
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subproblems i » Dl d = Fm):’lmur 6=51/s, Context On->0ff | Try Refine =)
jorizontalDistance s = 80 cm
. Where:d>0A6>0As>0 {3 problem hierarchy 1| solve (e_e, v.v)
Conclusions Find - HightOfPipe h L g &_pbiD -~
dcm, @l/s, scm =]
& probe e, |PUALLLY € €

equation solveFor v_v
D univariate

Problem [rational, equation]

Where: |2_e s ratequation_inv_v

& Jroot’
[ rational Find  |solutions v_v'i

& polynomial

& expanded Relate:
[ logarithmic

[ makeFunctionTo

[ diophantine

o [ function

o (I system

o (] Biegelinien

o (3 Berechnung

- Dtest

o ool

¢ C3signalProcessing

o 1Z_Transform

Find: h m

|'En) IDE
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Aspect 2: select relevant

knowledge

T

[ Worksheet

Model
Given : Diameter d = 8 cm, FlowRale ¢ =51/,
HorizontalDistance s = 80 cm
Where:d >0/ 6>0As>0
Find : HightOfPipe h

5] Problem browser =]

Context On->Off | Try Refine

|

3 problem hierarchy f
[ e_pbiD

dcm, @lis, scm

Problem [rational, equation]

Problem [velocity-space-time, find-time]
s
v=3

Find: h m

o [ vereinfachen

o[ probe

¢ = equation

¢ E univariate
[ UNeAR

& polynomial

o (3 expanded
[ logarithmic

[} makeFunctionTo

[ diophantine

& CJfunction

o system

o (] Biegelinien

o (] Berechnung

- Dtest

o ool

¢ (3 signalProcessing
o (I ZTransform

|'En) IDE
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informal justification 5 Worksheet

Model

manage [ Problem browser [

subproblems Context On->Off Try Refine

3 problem hierarchy f

[ e_pbip

& Cvereinfachen

& probe

-3 equation

¢ [ univariate
[ UNeAR

Given : Diameter d = 8 cm, FlowRale ¢ =51/,
HorizontalDistance s = 80 cm

Where:d >0/ 6>0As>0

HightOfPipe h

dcm, @lis, scm

Problem [rational, equation]

|

Conclusions Find

& polynomial

o (3 expanded
[ logarithmic

[} makeFunctionTo

[ diophantine

o (3 function

T system

- (] Biegelinien

o (] Berechnung

- Dtest

o ool

¢ (3 signalProcessing
o (I ZTransform

Problem [velocity-space-time, find-time]

— =
vit

Problem [flow-rate, find-velocity]

V=3

cirele

Find: h m

D K DT
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informal justification 5 Worksheet

Model
Given : Diameter d = 8 cm, FlowRale ¢ =51/,
HorizontalDistance s = 80 cm

N Where:d>0A6>0A8>0
Conclusions Find : HahtOfPipe h

manage [ Problem browser [

subproblems Context On->Off Try Refine

3 problem hierarchy f

[ e_pbip

& Cvereinfachen

& probe

-3 equation

¢ [ univariate
[ UNeAR

|

dcm, @lis, scm

Problem [rational, equation]

[ Problem [velocity-space-time, find-time] }

& polynomial

o (3 expanded
[ logarithmic

[} makeFunctionTo

[ diophantine

o (3 function

T system

- (] Biegelinien

o (] Berechnung

- Dtest

o ool

¢ (3 signalProcessing
o (I ZTransform

— =
vit

Problem [flow-rate, find-velocity]

V=3

cirele

Find: h m

D K DT
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Aspect 2: delete irrelevant

[ Worksheet

Model
Given : Diameter d = 8 cm, FlowRale ¢ =51/,
HorizontalDistance s = 80 cm
Where:d >0/ 6>0As>0
Find : HightOfPipe h

]

knowledge

5] Problem browser =]

Context On->Off | Try Refine

T

|

3 problem hierarchy f
[ e_pbiD

dcm, @lis, scm

Problem [velocity-space-time, find-time]
s
v=3

)

Problem [flow-rate, find-velocity]

V=3

cirele

Find: h m

o [ vereinfachen
o[ probe
¢l equation
¢ E univariate
[ UNeAR

& polynomial
o (3 expanded
[ logarithmic
[} makeFunctionTo
[ diophantine
& CJfunction
o system
o (] Biegelinien
o (] Berechnung
- Dtest
o ool
¢ (3 signalProcessing
o (I ZTransform

|'En) IDE
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ey ticaton [ Worksheet ] —
manage Moddt 5] Problem browser [=] -
subproblems Given : Diameter d = 8 cm, FlowRate ¢ = 51/s, Context On->Off | Try Refine =
HorizontalDistance s = 80 em
. Where:d>0A6>0As>0 {3 problem hierarchy M
Conclusions Find - HiahtOfPine h g e_pbliD =
dcm, @lis, scm o vereinfachen
o [ probe
¢ = equation
Problem [are: ¢ ] univariate
[ UNeAR
Acirel & Sroot
[ rational
o (3 polynomial
- " = - o (3 expanded
Problem [velocity-space-time, find-time] D) logarithmic
== [ makeFunctionTo
t [ diophantine
o [ function
> D system
> ClBiegelinien
. " o =3B hi
Problem [flow-rate, find-velocity] VS(::C e
v = o Ctool
Acircle ¢ [ signalProcessing
o [32Z_Transform
Find: h m
. L D K DT
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Aspect 3: what is given, what

T

[ Worksheet
e

Model
Given : Diameter d = 8 cm, FlowRale ¢ =51/,
HorizontalDistance s = 80 cm
Where:d> 006> 0A8>0
Find : HightOfPipe h

has to be found?

oo
5] Problem browser =]

Context On->Off | Try Refine

|

3 problem hierarchy f
[ e_pbiD

dcm, @l/s, scm

Problem [area-of-circle]
Ao = (8)? -7
1

1 1
[ Problem [velocity-space-time, find-time] }
v= =
t

1 1
Problem [flow-rate, find-velocity]

V=3

cirele

Problem [free-fall]

2

Find: h m

o [ vereinfachen
o[ probe
¢l equation
¢ E univariate
[ UNeAR

& polynomial
o (3 expanded
[ logarithmic
[} makeFunctionTo
[ diophantine
& CJfunction
o system
o (] Biegelinien
o (] Berechnung
- Dtest
o ool
¢ (3 signalProcessing
o (I ZTransform

D K DT
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lves of abstracion [new | cxomples || heores | srobiems | methods |
informal [ustification Y
WEREED e e —[Fvobentrowser.. . H] |
subproblems Given : Diameter d = 8 em, FlowRate ¢ =51/, Context On->Off | Try Refine =
HorizontalDistance s = 80 em
. Where:d > 0A6 >0 A5 >0 {3 problem hierarchy M
Conclusions Find - HiahtOfPine h [ e_pbio =
[g=
dcm, @lfs, scm > Cvereinfachen
o [ probe
" ¢ 3 equation
Problem [area-of-circle] ¢ ] univariate
_ (d)\? [ unear
A = (3)" - [Que
1A cm [ rational
| v mis | sm & (3 polynomial
. " = vy o (3 expanded
Problem [velocity-space-time, find-time] D) logarithmic
= 3 [ makeFunctionTo
t [ diophantine
I'ts &I function
> D system
1A m 1 @ m3/s o Biegelinien
. " o =3B hi
Problem [flow-rate, find-velocity] [ berschnung
v = & Btool
Acircle ¢ [ signalProcessing
o [32Z_Transform
Find: h m
gl T D TeI DI
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Aspect 3: try to connect “Given”

[ Worksheet

Model
Given : Diameter d = 8 cm, FlowRale ¢ =51/,
HorizontalDistance s = 80 cm
Where:d> 006> 0A8>0
Find : HightOfPipe h

]

and “Find”

5] Problem browser =]

Context On->Off | Try Refine

T

|

3 problem hierarchy f
[ e_pbiD

cm, @l/s, scm

Problem [area-of-circle]
Acire = (4)? -
1A cm

| v mis | sm
[ Problem [velocity-space-time, find-time] }

_ s
v=3
I'ts
LA m 1 @ m3/s
Problem [flow-rate, find-velocity]

V=3

cirele

Find: h m

o [ vereinfachen
o[ probe
¢l equation
¢ E univariate
[ UNeAR

& polynomial
o (3 expanded
[ logarithmic
[} makeFunctionTo
[ diophantine
& CJfunction
o system
o (] Biegelinien
o (] Berechnung
- Dtest
o ool
¢ (3 signalProcessing
o (I ZTransform

|'En) IDE
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e . .., i ::::--.
informal justification T workeheet =
WEREED e ————————— [P problem browser 1
subproblems Given : Diameter d = 8 em, FlowRate ¢ =51/, Context On->Off | Try Refine =
HorizontalDistance s = 80 em
. Where:d > 0A6 >0 A5 >0 {3 problem hierarchy M
Conclusions Find - HiahtOfPine h [ e_pbio =
cm, @l/s, scm > Cvereinfachen
o [ probe
" ¢ 3 equation
Problem [area-of-circle] ¢ ] univariate
2 [ unear
& (=3 root:
[ rational
o 3 polynomial
5 " - - = o [ expanded
Problem [velocity-space-time, find-time] D) logarithmic
== [ makeFunctionTo
t [ diophantine
I'ts &I function
> D system
1A m 1 @ m3/s o Biegelinien
. " o =3B hi
Problem [flow-rate, find-velocity] [ berschnung
v = o Ctool
Acircle ¢ [ signalProcessing
o [32Z_Transform
Find: h m
gl T D TeI DI
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informal [ustification Y
WEREED e e —[Fvobentrowser.. . H]
subproblems Given : Diameter d = 8 cm, FlowRate ¢ = 51/s, Context On->0ff | Try Refine =)
HorizontalDistance s = 80 cm f
. Where:d>0A6>0A5>0 I3 problem hierarchy M
Conclusions Find _: HiahtOfPine h [ e_pbio —
cm, @l/s, scm > Cvereinfachen
o [ probe
" ¢ 3 equation
Problem [area-of-circle] ¢ ] univariate
2 [ unear
& (=3 root:
[ rational
o (3 polynomial
5 " - - = o [ expanded
Problem [velocity-space-time, find-time] D) logarithmic
== [ makeFunctionTo
t [ [ diophantine
s & CIfunction
— & (A system
1A m 1 @ m3/s o Biegelinien
. " - hi
Problem [flow-rate, find-velocity] c,gff:“ e
— & Stool
v= Acircle

¢ 3 SignalProcessing
o [32Z_Transform

Find: h m

Ll IDE
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